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We prove that if an endomorphism φ of a free group Fn of a ﬁnite rank n
preserves an automorphic orbit OrbAutFn W  with W = 1, i.e., if φ
(
OrbAutFn W 
) ⊆
OrbAutFn W , then φ is an automorphism.  2002 Elsevier Science (USA)
1. INTRODUCTION
Let Fn be the free group of a ﬁnite rank n on the set  = x1     xn.
For U ∈ Fn, we denote the automorphic orbit ψU 	 ψ ∈ AutFn by
OrbAutFnU. In [4], Shpilrian conjectured that if an endomorphism φ
of Fn preserves an automorphic orbit OrbAutFnW  with W = 1, i.e., if
φ
(
OrbAutFnW 
) ⊆ OrbAutFnW , then φ is actually an automorphism.
This conjecture was proved for the free group F2 of rank 2 by Shpilrain
[5] and Ivanov [1]. Also, it turned out to be true for the simplest orbit
OrbAutFnx1 by the author [2], i.e., every primitivity preserving endomor-
phism of Fn is an automorphism. The purpose of this paper is to completely
prove this conjecture:
Theorem. Let Fn be the free group of a ﬁnite rank n on the set
 = x1     xn and suppose φ is an endomorphism of Fn such that
φ
(
OrbAutFnW 
) ⊆ OrbAutFnW  for some W = 1. Then φ is an automor-
phism of Fn.
The concept of an N-reduced (Nielsen reduced) sequence of words of
Fn is essential in the proof of the Theorem. Recall that a sequence  =
u1 u2    of words of Fn is called N-reduced if every ui ∈  is reduced,
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and, for any triple v1 v2 v3 of the form u
±1
i , where ui ∈ , the following
three conditions hold (see [3]):
(N1) v1 = 1;
(N2) v1v2 = 1 implies v1v2 ≥ v1 v2;
(N3) v1v2 = 1 and v2v3 = 1 implies v1v2v3 > v1 − v2 + v3.
It is easy to see that if  = u1 u2    is N-reduced, then the subgroup
 of Fn generated by  is free with the basis .
Here we recall that a Nielsen transformation on a sequence w1 w2   
is a composition of elementary Nielsen transformations (T1)–(T3) deﬁned as
follows (see [3]):
(T1) replace some wi by w
−1
i ;
(T2) replace some wi by wiwj , where i = j;
(T3) delete some wi, where wi = 1.
It is well known that every ﬁnite sequence of reduced words of Fn can be
carried by a Nielsen transformation to some N-reduced sequence (cf. [3]).
At the end of the proof of the Theorem, Whitehead automorphisms of
Fn, together with the standard Whitehead graph Y  of a reduced non-
cyclic word Y ∈ Fn, play an important role. Recall that a Whitehead auto-
morphism ω of Fn is an automorphism of one of the following two types
(see [3, 6]):
(W1) ω permutes elements in ±1.
(W2) ω is deﬁned by a set  ⊂ ±1 and a letter a ∈ ±1 with a ∈ 
and a−1 /∈  in such a way that if x ∈ ±1 then (a) ωx = x provided x =
a±1; (b) ωx = xa provided x = a, x ∈  , and x−1 /∈  ; (c) ωx = a−1xa
provided both x x−1 ∈  ; (d) ωx = x provided both x x−1 /∈  .
If ω is of type (W2), then we write ω = ω  a. We also recall that the
standard Whitehead graph Y  is constructed as follows (see [3]). Take the
vertex set as ±1 and connect two vertices a b ∈ ±1 by a non-oriented
edge if there is a subword ab−1 or ba−1 of (non-cyclic) Y . We let CaY 
denote the connected component of Y  containing a vertex a ∈ Y .
As usual, by writing X ≡ Y we mean the graphical equality (letter by
letter) of words X Y ∈ Fn (whereas X = Y means the equality of X Y
in Fn). By X we denote a reduced word equal in Fn to X, and by X, the
length of a word X of Fn with respect to the basis .
2. PROOF OF THE THEOREM
Without loss of generality we may assume that W has the minimum
length over all words in OrbAutFnW . Then the rank of W is deﬁned to
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be the number of elements of  occurring in W . We consider two cases
corresponding to whether W has rank 1 or not.
Case I. W has rank 1. If W is a primitive element of Fn, then there is
nothing to prove due to the result of [2]. Also, if W is a proper power
of a primitive element of Fn, then the assertion follows immediately by
combining the result of [2] and the fact that extraction of roots in a free
group is unique.
Case II. W has rank r with 1 < r ≤ n. Upon permuting elements in ,
we can assume that only the elements x1 x2     xr of  occur in W . We
may further assume, by interchanging xi and x
−1
i and then permuting the
elements x1 x2     xr if necessary, that
x1 has positive exponent sum in W 
(1)
unless every xi has zero exponent sum in W .
Now, let u be a primitive element of Fn. Due to the result of [2], it
is enough to prove that φu is also primitive. By the deﬁnition of prim-
itive elements, there exists α ∈ AutFn such that αx1 = u. Notice that
φ ◦ α has the same property as φ does, that is, φ ◦ α(OrbAutFnW 
) ⊆
OrbAutFnW . Hence, upon replacing φ ◦ α by φ, it sufﬁces to prove that
φx1 is primitive.
Let Fr , Fn+1 be the free groups on the sets r = x1 x2     xr, n+1 =
x1 x2     xn+1, respectively. Obviously Fr is a free factor of Fn of rank r.
Now we want to prove
Claim 1. The restriction φFr of φ to Fr is a monomorphism.
Proof of Claim 1. Suppose on the contrary that φFr is not a monomor-
phism. Consider the ﬁnite sequence
(
φx1 φx2     φxr
)
. This
sequence can be brought to an N-reduced one by a Nielsen transforma-
tion, as mentioned in the Introduction. This fact implies the existence of
δ ∈ AutFr such that φ ◦ δx1 = · · · = φ ◦ δxk = 1 and that the
sequence
(φ ◦ δxk+1     φ ◦ δxr
)
is N-reduced. (Note that k ≥ 1,
since φFr is not a monomorphism.) For the sake of simplicity of notation,
we put
Ui = φ ◦ δxi for i = k+ 1     r
Deﬁne ε ∈ AutFr as
εx1 = x1
[
xk+1x

k+2 · · ·xr−1xrxr−1 · · ·xk+2xk+1
]
and εxi = xi for i = 2     r
where  is a sufﬁciently large integer. Now, we consider φ ◦ δ ◦ εW .
Since δ ◦ εW  belongs to OrbAutFnW , φ ◦ δ ◦ εW  is in OrbAutFnW ,
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by the hypothesis of the Theorem. If k = r − 1, then by (1) we have either
φ ◦ δ ◦ εW  = 1 or φ ◦ δ ◦ εW  = U′r with ′ sufﬁciently large (so,
′ > W ). The former case contradicts φ ◦ δ ◦ εW  ∈ OrbAutFnW . So
does the latter case, by the fact that for simple words u and v in Fn (i.e.,
u and v are non-empty, cyclically reduced, and not proper powers), the
equality um = vm′ with m m′ > 0 implies that u = v and m = m′. Hence,
k has to be less than r − 1.
Let β	 Fn → Fn+1 be a homomorphism given by
βx1 = xn+1 and βxi = φ ◦ δxi for i = 2     n
Since φ ◦ δW  ∈ OrbAutFnW  by the hypothesis of the Theorem, clearlyφ ◦ δW  = 1. This implies that we may assume, by permuting the ele-
ments x1 x2     xr if necessary, that
at least one xn+1 remains uncanceled in βW (2)
Now it follows from φ ◦ δx1 = · · · = φ ◦ δxk = 1 that
φ ◦ δ ◦ εW  = Z0Kt1Z1Kt2Z2 · · ·KtpZp
where K = Uk+1Uk+2 · · ·Ur−1Ur Ur−1 · · ·Uk+2Uk+1, ti ∈ \0, 1 ≤ p <
W , Zi is a product of elements of U±1k+1     U±1r , and only Z0 and Zp
may be trivial. Since φ ◦ δ ◦ εW  ∈ OrbAutFnW , there is ζ ∈ AutFn such
that ζ ◦φ ◦ δ ◦ εW  = W . For such ζ ∈ AutFn, we have
W = ζ ◦φ ◦ δ ◦ εW 
(3)
= ζZ0 ζKt1ζZ1 ζKt2ζZ2 · · · ζKtpζZp
Let us write
ζUi ≡ YiXsii Y−1i for i = k+ 1     r
where si ∈ + and Xi is a simple word in Fn.
Suppose that the product on the rightmost side of (3) involves a can-
cellation between X±sii and X
±sj
j such that a part of X
±si
i of length
greater than Xi + Xj cancels with a part of X
±sj
j of length greater than
Xi + Xj. We ﬁrst assume that such a cancellation occurs in a subproduct
of the form
X
−si
i Y
−1
i ζZYj X
sj
j 
where Z is a product of elements of U±1k+1     U±1r . It is not hard to
prove that if u v are simple words in Fn and w is a subword of both um and
vm
′
with mm′ > 0 such that w ≥ u + v, then u is a cyclic permutation
of v. By this fact, Xi is a cyclic permutation of Xj . So if the part of X
sj
j that
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cancels with a part of X−sii begins with T , where T  = Xj, then we can
write Xi = ATA−1 and Xj = BTB−1 for some A B ∈ Fn. From the fact
that no non-trivial cyclic permutation of a simple word u can be u itself,
we must have
A−1X−mi Y
−1
i ζZYj Xm
′
j B = 1
for some m m′ ∈ + ∪ 0. So
1 = A−1X−mi Y−1i ζZYj Xm
′
j B = T−mA−1Y−1i ζZYj B Tm
′

and hence
ζZ = YiATm−m
′
B−1Y−1j (4)
Consider ζU−sji ζZζUsij . We can observe that
ζU−sji ζZζUsij  = YiX
−sisj
i Y
−1
i ζZYj X
sisj
j Y
−1
j
= Yi AT−sisjA−1Y−1i ζZYj B T sisjB−1Y−1j
= Yi ATm−m
′
B−1Y−1j by 4
= ζZ again by 4
It then follows from ζ ∈ AutFn that
U
−sj
i Z U
si
j = Z(5)
Since Z is a product of elements of U±1k+1     U±1r  and the sequence
Uk+1     Ur is N-reduced, equality (5) can hold only when i = j and Ui
and Z belong to the same cyclic subgroup of Fn. Here, if Z contained other
than U±1i , then we would have a contradiction of the fact that the sequence
Uk+1     Ur is N-reduced. Hence, Z must be trivial or be a power of Ui.
In a similar way, we can prove that, only when i = j and Z is either
trivial or a power of Ui, there can be a cancellation in a subproduct of the
form Xsii Y
−1
i ζZYj X
−sj
j such that a part of X
si
i of length greater than
Xi + Xj cancels with a part of X
−sj
j of length greater than Xi + Xj.
Also, arguing similarly, we can show that such a cancellation cannot occur
between Xsii and X
sj
j , or between X
−si
i and X
−sj
j .
It then follows from (2) that, after all cancellations in the product on
the rightmost side of (3) are performed, some X
′
i , with 
′ sufﬁciently large
(so, ′ > W ), must remain uncanceled. This contradiction of equality (3)
completes the proof of Claim 1.
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Since φW  ∈ OrbAutFnW , there exists γ ∈ AutFn such that γ ◦
φW  = W . Hence, upon replacing γ ◦φ by φ, we may assume that
φW  = W(6)
Under this assumption, we want to prove
Claim 2. φFr = Fr .
Proof of Claim 2. Since φFr is a monomorphism by Claim 1, we must
have, for such δ ∈ AutFr as in the proof of Claim 1, that the sequence(φ ◦ δx1 φ ◦ δx2     φ ◦ δxr
)
is N-reduced. As above, we write
Ui for φ ◦ δxi, where i = 1 2     r.
Clearly the set δr = δx1 δx2     δxr is also a basis of Fr .
Write W in terms of δxi’s and denote it by Wδ (i.e., Wδ is a word in
δr±1). Since W has rank r, every δxi, for i = 1 2     r, must occur
in Wδ. Furthermore, since W has the minimum length over all words in
OrbAutFnW , the length of Wδ with respect to the basis δr must be at
least W .
Consider φWδ. Obviously, φWδ = W by (6), and it is a product of
elements of U±11 U±12      U±1r , say,
W = φWδ = Uθ1q1Uθ2q2 · · ·U
θm
qm (7)
where qi ∈ 1 2     r, θi = ±1, and Uθiqi U
θi+1
qi+1 = 1. Then m is equal to
the length of Wδ with respect to the basis δr, and hence m ≥ W . Since
the sequence U1U2     Ur is N-reduced, for every i some part of Uθiqi ,
say, V θiqi , must remain uncanceled in the product (7) after all cancellations
are made, that is,
W ≡ V θ1q1 V θ2q2 · · ·V
θm
qm (8)
Since m ≥ W , each Vqi  = 1, and hence
xθ
′
qi
= Vqi = Vqj = xθ
′
qj
if and only if qi = qj
where θ′ = ±1. Replacing U−1qi and −θi by Uqi and θi, respectively, if nec-
essary, we may assume θ′ = 1, that is,
xqi = Vqi = Vqj = xqj  if and only if qi = qj(9)
Here, if Uqi = Vqi for every i = 1 2    m, then the assertion fol-
lows immediately from (8)–(9). So suppose that there is some i such that
Uqi = Vqi . Let j be the smallest index such that U
θj
qj = V
θj
qj . Then there
is no cancellation in the product U
θj−1
qj−1U
θj
qj , and no more than half of U
θj
qj
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cancels in the product U
θj
qj U
θj+1
qj+1 because the sequence U1U2     Ur is
N-reduced. Hence we must have
U
θj
qj = x
θj
qjx
±1
s(10)
for some s ∈ 1 2     n.
In view of (7)–(10) and the fact that the sequence U1U2     Ur
is N-reduced, we can observe that there is a Whitehead automorphism
ω1 = ω1 xn+1 of Fn+1 such that  ⊆ x±11  x±12      x±1r , x
θj
qj ∈ ,
x
−θj
qj /∈ , and ω1W  = W . This implies that the connected component
Cxθjqj W  of the Whitehead graph ΦW  containing a vertex x
θj
qj does not
contain x
−θj
qj and that a Whitehead automorphism ω2 of Fn+1, given by ω2 =
ω2
(
Cxθjqj W  xn+1
)
, ﬁxes W . The fact ω2W  = W yields x−θ1q1  xθmqm /∈
Cxθjqj W . But then, a Whitehead automorphism ω3 of Fn, deﬁned by
ω3 = ω3
(
Cxθjqj W  x
θj
qj
)
, sends W to πxqj W , where πxqj is an endo-
morphism of Fn such that πxqj xi = xi if xqj = xi ∈  and πxqj xqj  = 1.
This contradiction of our assumption that W has the minimum length over
all words in OrbAutFnW  shows that there is no i such that Uqi = Vqi , thus
proving Claim 2.
It follows from Claims 1–2 that φFr 	 Fr → Fr is an automorphism of Fr .
Hence φx1 is primitive in Fr and therefore also in Fn. The proof of the
Theorem is now completed.
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